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This paper presents a probabilistic analysis of an iterative two-way paraxial scheme for the
simulation of wave propagation in anisotropic random media. This scheme has the compu-
tational cost of the standard one-way paraxial wave equation but has the accuracy of the
full wave equation in a regime beyond the classical paraxial regime. More precisely, it
accurately predicts the statistics of the reflected wave field. The accuracy depends on
two parameters: the order of the iterative scheme and the ratio of the random backscatter-
ing intensity over the random forward-scattering intensity.

� 2009 Elsevier Inc. All rights reserved.
1. Introduction

Wave propagation in random media is numerically challenging when the propagation distance is large compared to the
wavelength. The resolution of the full wave equation by difference methods is then in general computationally expensive
since relatively fine scales have to be resolved. Fortunately, in many applications, such as ocean acoustics or atmospheric
beam propagation, backscattering is negligible and the wave propagates mainly in a privileged direction, which allows for
the reduction of the wave equation to the paraxial (or one-way) wave equation [19]. The time harmonic form of this equation
takes the form of a Schrödinger equation with a random potential. This formulation is easy to solve numerically by finite-
difference or split-step Fourier methods. It also allows for a theoretical analysis from the statistical point of view, since
the solution is adapted to the filtration of the process that describes the fluctuations of the random medium. Indeed, the spa-
tial argument corresponding to the privileged direction of propagation plays the role of ‘‘time” in the Schrödinger equation
and also for the filtration of the medium fluctuations process.

In this paper we address situations in which backscattering is not negligible, which requires more elaborate schemes than
the paraxial wave equation. After the pioneering work [7] an iterative two-way paraxial scheme was proposed to solve the
full wave equation by an iteration of forward-going and backward-going paraxial wave equations in [15,16]. Comparisons
. All rights reserved.
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between numerical simulations of the full wave and numerical simulations of the two-way paraxial system have shown very
good agreement, with the overall conclusion being that the two-way paraxial scheme has the same numerical complexity as
the standard one-way paraxial equation, but it also takes into account random backscattering. However, theoretical justifi-
cations are yet to be found. In particular, the role of the order of the iterative scheme is not clear in these first papers.

The purpose of this paper is to give theoretical arguments that show that the two-way paraxial system can indeed give
accurate predictions for the transmitted and reflected waves in propagation regimes in which backscattering due to ran-
dom medium fluctuations is significant. We analyze in detail the case of an anisotropic medium with the correlation
length in the propagation direction much shorter than that in the transverse direction. The general motivation for numer-
ical wave propagation in random media is to examine the effects that medium heterogeneity has on the propagating wave.
In particular, the goal in imaging is to identify the macroscale features of the medium and it is important to analyze the
role of the fine scale medium heterogeneities. These fine scale heterogeneities are usually very complicated and cannot be
identified explicitly, but only through statistical means. What is relevant in this context is therefore the statistics of the
transmitted and reflected wave fields. It is important to note that our goal is thus not to give arguments for a strong equiv-
alence between the paraxial system and the wave equation, in the sense that the wave fields obtained from the two sys-
tems coincide (with some accuracy) for a given realization of the random medium. Rather, we seek to show that it is
possible to prove a weak equivalence, in the sense that the statistics of the wave fields obtained from the two systems
coincide. As expected, the degree of accuracy of the two-way iterative scheme depends on the order of the scheme (i.e.
the number of iterations) and we clarify the connection between accuracy and order. We focus in particular our attention
on the first-order and the second-order two-way paraxial equation for the reflected wave field and some associated
applications.

The paper is organized as follows: in Section 2 we present the full wave equation in random medium and its reduction to
the standard paraxial wave equation. In Section 3 we introduce the two-way scheme. The statistical analysis of the reflected
wave field is carried out in Section 5. This analysis requires us to transform the boundary value problem satisfied by the re-
flected and transmitted wave fields into an initial-value problem by an invariant imbedding technique which is presented in
Section 4. Finally we present numerical simulations in Section 6.
2. The wave decomposition

We consider linear acoustic waves propagating in a ð1þ dÞ-dimensional heterogeneous medium. The governing equa-
tions for the pressure field p and the ð1þ dÞ-dimensional velocity field u are
qðz; xÞ @u
@t
þrp ¼ 0;

1
Kðz; xÞ

@p
@t
þr � u ¼ 0; ð1Þ
where q is the density of the medium, K is the bulk modulus of the medium, and ðz; xÞ 2 R� Rd are the space coordinates.
We assume that a section of heterogeneous medium is sandwiched in between two homogeneous half-spaces and we con-
sider the following model for the bulk modulus and density:
1
Kðz; xÞ ¼

K�1
0 if z 2 ð�1;0Þ [ ðL;1Þ;

K�1
0 ð1þ mðz; xÞÞ if z 2 ð0; LÞ;

(
qðz; xÞ ¼ q0;
where K0 and q0 are two positive constants, the homogenized parameters, and mðz; xÞ is a centered random field that is
bounded by a constant smaller than one. The acoustic wave equations can then be reduced to the inhomogeneous wave
equation for the pressure field:
Dp� q0

Kðz; xÞ
@2p
@t2 ¼ 0; ð2Þ
where D is the (1þ d)-dimensional Laplacian. By taking a Fourier transform with respect to time
�pðx; z; xÞ ¼
Z

pðt; z; xÞeixt dt; pðt; z; xÞ ¼ 1
2p

Z
�pðx; z; xÞe�ixt dx;
we obtain the inhomogeneous Helmholtz equation
D�pþ ð1þ mðz; xÞ1ð0;LÞðzÞÞ
x2

c2
0

�p ¼ 0; ð3Þ
where we have introduced the background velocity c0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K0=q0

p
. The Helmholtz equation is complemented by boundary

values at the interfaces z ¼ 0 and z ¼ L given by the incoming field and also radiation conditions. These boundary and radi-
ation conditions have a convenient representation if we decompose the solution of the wave equation into generalized right-
and left-going mode amplitudes �a and �b [11,12]:
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�pðx; z; xÞ ¼ �aðx; z; xÞeixc0
z þ �bðx; z; xÞe�ixc0

z
;

@�p
@z
ðx; z; xÞ ¼ ix

c0
�aðx; z; xÞeixc0

z � �bðx; z; xÞe�ixc0
z

� �
:

The mode amplitudes satisfy the boundary value problem
@�a
@z
¼ LxðzÞ�aþ e�2ixc0

zLxðzÞ�b; ð4Þ

@�b
@z
¼ �e2ixc0

zLxðzÞ�a� LxðzÞ�b; ð5Þ
with the boundary conditions
�aðx; z ¼ 0; xÞ ¼ 0 and �bðx; z ¼ L; xÞ ¼ �bincðx; xÞ; ð6Þ
that correspond to a radiation condition at z ¼ 0 and an incoming left-going beam at z ¼ L. Here we have introduced the
operator
LxðzÞ ¼
ix
2c0

mðz; xÞ þ ic0

2x
D?; ð7Þ
and D? is the transverse d-dimensional Laplacian.
The Helmholtz equation (or equivalently the system (4) and (5)) is a boundary value problem that is not easy to solve in

the high-frequency regime, in which the size L of the computational domain is much larger than the typical wavelength of
the incoming beam. The paraxial (or forward-scattering) approximation consists in neglecting the backscattered wave �a. The
transmitted field then satisfies the initial-value problem (starting from z ¼ L and going from L to 0)
@�b
@z
¼ �LxðzÞ�b; ð8Þ
with the initial condition �bðx; z ¼ L; xÞ ¼ �bincðx; xÞ. The advantage of this simplified equation is that it is easy to solve numer-
ically with a split-step Fourier method or a finite-difference method. It is also possible to study the paraxial wave equation
with a random medium since the solution is adapted to the filtration of the random process m and stochastic calculus can be
applied [2,6,8–10,18]. The validity of the paraxial wave equation has been intensively reviewed, and it turns out that the
paraxial equation (8) is a good approximation of the Helmholtz equation (3) if the length scale of transverse variations of
the initial beam �binc is larger than the wavelength and if the fluctuations of the medium are small. Under these conditions,
backscattering is indeed small and can be neglected for the computation of the transmitted wave. Our goal is to go beyond
the paraxial wave regime and to propose a way to solve the boundary value problem (4) and (5), which is equivalent to the
Helmholtz equation, with a computational cost equivalent to that of the one-way paraxial wave equation. We will show that
an iterative two-way paraxial equation can reproduce the results of the full wave equation in a regime where backscattering
is significant, which means that this regime is beyond the paraxial regime.
3. The two-way paraxial wave equation

3.1. Instability of the iterative scheme

We discuss first an idea for solving the system (4) and (5) with the boundary conditions (6) that corresponds to an iter-
ative scheme in which one solves (4) as an initial-value problem for �a with an approximation for �b and then one solves (5) as
an initial-value problem for �b with an approximation for �a. The iteration is expected to converge to a fixed point that should
be the desired solution. The two-way paraxial scheme is as follows:

Step 0: start from �a0ðx; z; xÞ ¼ 0 and �b0ðx; z; xÞ ¼ �bincðx; xÞ for all z.
Step n: compute �bn by solving the paraxial wave equation with source from z ¼ L to z ¼ 0:
@�bn

@z
¼ �LxðzÞ�bn � e2ixc0

zLxðzÞ�an�1; ð9Þ
starting from �bnðx; z ¼ L; xÞ ¼ �bincðx; xÞ, and then compute �an by solving the paraxial wave equation with source from z ¼ 0
to z ¼ L:
@�an

@z
¼ LxðzÞ�an þ e�2ixc0

zLxðzÞ�bn; ð10Þ
starting from �anðx; z ¼ 0; xÞ ¼ 0.
Notice that the first-order solution �b1 is the transmitted wave in the standard paraxial (or forward-scattering) approxi-

mation (since �a0 ¼ 0). The scheme (9) and (10) seems natural: it iteratively computes the transmitted (�bn) and backscattered
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(�an) waves, and if the pair of functions ð�an;
�bnÞ were converging, then it would converge to a fixed point that would be the

solution of the system (4) and (5). The problem is that the scheme (9) and (10) is unstable when the distance L is larger than
the wavelength, which is the high-frequency regime of interest in most applications. This instability was first noticed in [15].
It is due to the cross transverse Laplacian as shown by the following lemma proved in Appendix A.

Lemma 3.1. Let us assume that m ¼ 0 and let us consider the transverse Fourier transforms of the functions �an and �bn:
ânðx; z;jÞ ¼
Z

�anðx; z; xÞe�ij�x dx; b̂nðx; z; jÞ ¼
Z

�bnðx; z; xÞe�ij�x dx:
If jjj2 ¼ 2x2=c2
0 and xL=c0 > p=2, then b̂nðx;0; jÞ diverges exponentially as n!1 as
jb̂nðx;0; jÞj ’
4
p

2xL
pc0

� �2n�2

jb̂incðx;jÞj:
3.2. The corrected iterative scheme

We now propose a corrected scheme that avoids the previous instability. We introduce the operators
S�xðzÞ ¼ e�2ixc0
z ix

2c0
mðz; xÞ; ð11Þ
and we define the new two-way paraxial scheme as follows:
Step 0: start from �a0ðx; z; xÞ ¼ 0 and �b0ðx; z; xÞ ¼ �bincðx; xÞ for all z.
Step n: compute �bn by solving the paraxial wave equation with source from z ¼ L to z ¼ 0:
@�bn

@z
¼ �LxðzÞ�bn � SþxðzÞ�an�1; ð12Þ
starting from �bnðx; z ¼ L; xÞ ¼ �bincðx; xÞ, and then compute �an by solving the paraxial wave equation with source from z ¼ 0
to z ¼ L:
@�an

@z
¼ LxðzÞ�an þ S�xðzÞ�bn; ð13Þ
starting from �anðx; z ¼ 0; xÞ ¼ 0.
We again notice that the first-order solution �b1 is the transmitted wave in the standard paraxial (or forward-scattering)

approximation. Compared to the scheme (9-10) described in the previous subsection, the crossed terms involving the trans-
verse Laplacian expð�2ixz=c0ÞD? have been removed, while we have kept the crossed terms involving the random process m.
As a consequence, if the sequence of functions ð�an;

�bnÞ converges in a sense strong enough to the pair ð�a1; �b1Þ as n!1, then
the limit will not satisfy the system (4) and (5) exactly, because the crossed terms expð�2ixz=c0ÞD?�b in (4) and
expð2ixz=c0ÞD?�a in (5) will be absent. Therefore, the iterative scheme cannot give the exact result of the full wave equation,
even in the limit n!1. However, the main goal of this paper is to show that the iterative scheme is a good approximation of
the full wave equation in a specific regime (in which the crossed terms associated with the transverse Laplacian are indeed
negligible, while random backscattering associated with S�xðzÞ is significant).

We first give an elementary lemma for the convergence of the two-way paraxial scheme with a strong hypothesis on the
amplitude of the random fluctuations. The proof of the lemma is given in Appendix B.

Lemma 3.2. If kmk1 is small enough (a sufficient condition is xkmk1L < 2c0=
ffiffiffi
3
p

), then the pair of functions ð�an;
�bnÞ converges

exponentially in L1ð½0; L�; L2ðRdÞÞ to the solution of the boundary value problem
@�b1
@z
¼ �LxðzÞ�b1 � SþxðzÞ�a1;

@�a1
@z
¼ LxðzÞ�a1 þ S�xðzÞ�b1; ð14Þ
with the boundary conditions �a1ðx; z ¼ 0; xÞ ¼ 0 and �b1ðx; z ¼ L; xÞ ¼ �bincðx; xÞ. The limit pair of functions satisfies the conser-
vation of energy relation
k�a1ðx; L; �Þk2 þ k�b1ðx;0; �Þk2 ¼ k�bincðx; �Þk2; ð15Þ
where k � k2 stands for the L2ðRdÞ-norm.
For any k P 1, if m belongs to L1ð½0; L�;Wk;1ðRdÞÞ and the corresponding norm is small enough, then the functions ð�an;

�bnÞ
converges exponentially in L1ð½0; L�;HkðRdÞÞ to the solution of the boundary value problem (14), provided the initial condition
�binc 2 HkðRdÞ.

The conservation of energy relation (15) means that the power of the incoming wave is equal to the sum of the power of
the reflected wave ð�a1ðx; L; �ÞÞ and the one of the transmitted wave ð�b1ðx;0; �ÞÞ.



J. Garnier, K. Sølna / Journal of Computational Physics 228 (2009) 3307–3325 3311
4. The reflection operator for the two-way paraxial wave equation

In the next section we will study the statistics of the reflected wave. The statistical analysis of the solution of the iterative
scheme is not easy since we deal with a two-point boundary value problem, so the solution is not adapted to the filtration of
the random field m. However, it is possible to transform this boundary value problem into an initial-value problem by using
an invariant imbedding technique [5]. This section is devoted to the presentation of this result. We first rewrite the system in
the Fourier domain. We consider the transverse Fourier transforms of the modes
ânðx; z;jÞ ¼
Z

�anðx; z; xÞe�ij�x dx; b̂nðx; z; jÞ ¼
Z

�bnðx; z; xÞe�ij�x dx:
In the Fourier domain the operator LxðzÞ can be expressed explicitly in terms of the kernel process bLxðz; j; j0Þ
Z
e�ij�x½LxðzÞw�ðxÞdx ¼

Z bLxðz;j;j0Þŵðj0Þdj0 ð16Þ
for wðxÞ a test function and where
bLxðz; j;j0Þ ¼
ix

2ð2pÞdc0

m̂ðz; j� j0Þ � ic0

2x
jjj2dðj� j0Þ: ð17Þ
Similarly the kernel processes associated with S�xðzÞ are
bS�xðz;j;j0Þ ¼ e�2ixc0
z ix

2ð2pÞdc0

m̂ðz; j� j0Þ: ð18Þ
In this framework, the two equations (9) and (10) of the two-way paraxial system read:
@b̂n

@z
ðx; z;jÞ ¼ �

Z bLxðz;j;j0Þb̂nðx; z;j0Þdj0 �
Z bSþxðz; j;j0Þân�1ðx; z;j0Þdj0; ð19Þ
starting from b̂nðx; z ¼ L; jÞ ¼ b̂incðx; jÞ, and
@ân

@z
ðx; z;jÞ ¼

Z bLxðz; j;j0Þânðx; z;j0Þdj0 þ
Z bS�xðz;j;j0Þb̂nðx; z; j0Þdj0; ð20Þ
starting from ânðx; z ¼ 0; jÞ ¼ 0.
Using the invariant imbedding technique as explained in Appendix C, we obtain the following result.

Proposition 4.1. The reflected wave predicted by the nth order two-way paraxial wave equation is given by
pðnÞrefðt; xÞ ¼
1

ð2pÞdþ1

Z Z
ânðx; L;jÞeij�xeixc0

Le�ixt djdx; ð21Þ

ânðx; L;jÞ ¼
Z bRðnÞðx; L;j; j0Þb̂incðx; j0Þdj0; ð22Þ
where bRðnÞ has the form
bRðnÞ ¼Xn

j¼1

bRj; ð23Þ
and the kernels bRjðx; z; j; j0Þ; j ¼ 1; . . . ;n, satisfy the equations
@ bR1

@z
¼
Z bLxðz;j; j1Þ bR1ðx; z;j1;j

0Þ þ bR1ðx; z; j;j1ÞbLxðz;j1;j
0Þdj1 þ bS�xðz;j;j0Þ; ð24Þ

@ bRj

@z
¼
Z bLxðz;j; j1Þ bRjðx; z; j1;j

0Þ þ bRjðx; z;j; j1ÞbLxðz; j1; j
0Þdj1

þ
Xj�1

l¼1

Z Z bRj�lðx; z;j;j1ÞbSþxðz;j1;j2Þ bRlðx; z; j2; j
0Þdj1dj2; ð25Þ
for j P 2, with the initial conditions bRjðx; z ¼ 0; j; j0Þ ¼ 0 for all j P 1.

In the same way, we obtain the following proposition describing the transmitted wave.

Proposition 4.2. The transmitted wave predicted by the nth order two-way paraxial wave equation is given by
pðnÞtr ðt; xÞ ¼
1

ð2pÞdþ1

Z Z
b̂nðx;0;jÞeij�xe�ixt djdx; ð26Þ

b̂nðx; 0;jÞ ¼
Z bT ðnÞðx; L;j; j0Þb̂incðx; j0Þdj0; ð27Þ
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where bT ðnÞ has the form
bT ðnÞ ¼Xn

j¼1

bT j; ð28Þ
and the kernels bT jðx; z; j; j0Þ; j ¼ 1; . . . ;n, satisfy the equations
@ bT 1

@z
¼
Z bT 1ðx; z;j; j1ÞbLxðz; j1; j

0Þdj1; ð29Þ

@ bT j

@z
¼
Z bT jðx; z;j; j1ÞbLxðz;j1;j

0Þdj1 þ
Xj�1

l¼1

Z Z bT j�lðx; z; j;j1ÞbSþxðz;j1;j2Þ bRlðx; z;j2;j
0Þdj1 dj2; ð30Þ
for j P 2, with the initial conditions bT 1ðx; z ¼ 0; j; j0Þ ¼ dðj� j0Þ and bT jðx; z ¼ 0; j; j0Þ ¼ 0 for all j P 2.

Note that the first-order term bT 1 is precisely the propagator of the paraxial wave equation. The higher-order terms bT j are
corrections taking into account backscattering by the random medium.
5. Statistical analysis of the reflected wave

5.1. Scaled regime

From now on we consider a situation with separation of scales. A main aspect of the regime we consider in our paper is
that the random medium fluctuations are relative rapid. In this case we can identify a white noise model for the propagation
phenomenon. This model gives the correct statistics for the wave field, albeit not the correct pointwise values for a particular
realization. A main point in our later derivation is then to show that indeed the iterative scheme gives statistics that conform
with those of the white noise scaling limit. We remark that in applications to for instance evaluation of imaging schemes it is
enough to have schemes that are weakly convergent in that they replicate the correct statistics.

In general the important scales present in the problem are

� The propagation distance lp, which we will take of the same order as the width L of the random slab.
� The longitudinal and transverse correlation lengths of the medium, which we denote by lz and lx, respectively.
� The relative strength of the medium fluctuations, r.
� The typical wavelength k0 of the probing wave beam.
� The width R0 of the probing wave beam.

In order to motivate the specific scaling regime that we study in our paper we consider an example with physical scales
corresponding roughly to a reflection seismology situation. The medium is then a section of the earth’s crust. In this situation
we cannot hope to identify the pointwise values of the fine scale medium parameters, however, we may be able to identify
their statistics and scale of variation. Thus, it is natural to model the medium as a random medium with specific statistics
and scales of variation. In this situation we are interested in how such fine scale medium fluctuations affect the statistics of
the reflected wave field. This description will influence how we construct imaging functionals of the reflected wave field so
as to identify macroscale features of the earth’s crust. We list below the typical scales for the reflection seismology situation,
which allows us to make scaling assumptions:

(1) In geophysics we typically have lp � 104 m, lx � 102—103 m, and lz � 1—10 m, so that lz 	 lx 	 lp. If we use lp as a ref-
erence length and if we introduce the small parameter e2 ¼ lz=lp, then we can assume that
lz
lp
¼ e2;

lx

lp
¼ OðeÞ:

Note that this means that we have an anisotropic scaling on the microscale. In this regime we anticipate that the lon-
gitudinal random fluctuations of the medium can be approximated by a ‘‘white noise”. We remark that the statistics of
the medium may change on the scale say of major geological features, corresponding to the scale lp.
(2) In offshore exploration the source is typically an explosion at the sea surface that generates a field which expands so
that its width becomes of the order of 102—103 m at the sea bottom. Accordingly we assume
R0

lp
¼ OðeÞ:

Note that therefore R0=lx ¼ Oð1Þ and there will be a non-trivial interaction between the transverse fluctuations of the
medium and the beam.
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(3) We assume that the typical wavelength k0 of the source is of the same order as the longitudinal correlation length lz. In
geophysics we typically have k0 ¼ 10� 102 m. Accordingly we assume
k0

lp
¼ Oðe2Þ:

In this regime, there is a non-trivial interaction between the longitudinal fluctuations of the medium and the beam.
Moreover, the ratio of the Rayleigh length pR2

0=k0 over the propagation distance lp is also of order one. Recall that the
Rayleigh length is the distance from beam waist where the beam area is doubled by diffraction in a homogeneous
medium, thus, diffraction effects are expected to be of order one.
(4) The fluctuations of the sound speed in the earth’s crust may be of the order of 10%. Accordingly we assume that
r ¼ OðeÞ:
5.2. Modeling with scales

Our goal is now to show that the two-way paraxial wave equation is a simplified system that predicts accurately the sta-
tistics of the reflected wave in a special asymptotic regime. Motivated by discussion of the previous subsection, we consider
the following scaled model for the bulk modulus and density
1
Keðz; xÞ

¼
K�1

0 if z 2 ð�1;0Þ [ ðL;1Þ;
K�1

0 1þ em z
e2 ;

x
e

� �� �
if z 2 ð0; LÞ;

(
ð31Þ

qeðz; xÞ ¼ q0; ð32Þ
where m is a stationary zero-mean random process with the autocorrelation function
Cðz; xÞ ¼ E½mðz0; x0Þmðz0 þ z; x0 þ xÞ�: ð33Þ
The scaled model (31) means that the propagation distance is of order one, the random medium fluctuations have a typical
amplitude of order e, a longitudinal correlation length of order e2, and a transverse correlation length of order e, as described
in the previous subsection.

We assume that the incoming wave at z ¼ L has the scaled form
pe
incðt; xÞ ¼

1
2pe

Z
�binc x;

x
e

� �
e
�i xL

c0e2 e�ixt
e2 dx:
This means that the incoming wave has a carrier frequency of order e�2, a relative bandwidth of order one, and a transverse
spatial extent of order e. It has an amplitude of order e�1, which will ensure that the reflected wave is of order one (we are in
a regime where backscattering is weak).

We introduce the scaled right- and left-going mode amplitudes �ae and �be:
peðt; z; xÞ ¼ 1
2p

Z
�ae x; z;

x
e

� �
e

i xz
c0e2 þ �be x; z;

x
e

� �
e
�i xz

c0e2
� �

e�ixt
e2 dx;

@pe

@z
ðt; z; xÞ ¼ 1

2p

Z
ix

c0e2
�ae x; z;

x
e

� �
e

i xz
c0e2 � �be x; z;

x
e

� �
e
�i xz

c0e2
� �

e�ixt
e2 dx:
The equations for the iterative scheme for the mode amplitudes �aeðx; z; xÞ and �beðx; z; xÞ are the ones given in (12) and (13),
but with the e-dependent operators
Le
xðzÞ ¼

ix
2c0e

m
z
e2 ; x
� �

þ ic0

2x
D?; S�;ex ðzÞ ¼ e

�2i xz
c0e2 ix

2c0e
m

z
e2 ; x
� �

: ð34Þ
Note that the hypothesis of Lemma 3.2 is not fulfilled in this scaled regime, since the amplitude of the fluctuations operator
S�;ex is of order e�1. Therefore, we cannot claim here that the scheme (12) and (13) converges strongly as n!1. Rather, we
will show that the scheme (12) and (13) gives very good predictions for the statistics of the reflected wave field.

5.3. Asymptotic analysis of the reflection kernel process for the two-way paraxial scheme

In this subsection we study the statistics of the reflected wave as given by the two-way paraxial equation. In Section 5.4
we will compare these results with the behavior of the reflected wave predicted by the full wave equation [12]. The reader
should keep in mind that our main goal is to prove that the two systems give the same statistics for the reflected wave in the
scaled regime considered in this section.

The next proposition shows that it is possible to compute the cross moments of the reflection operator predicted by the
first-order two-way paraxial equation in the limit e! 0. The proof is based on diffusion approximation theory and follows
exactly the strategy used in [12] to obtain the equivalent system for the full wave equation. Indeed, the random components
of the operators Le

xðzÞ and S�;ex ðzÞ are centered (in the sense that their statistical means are zero) and vary rapidly at the scale
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e2. This scaled regime corresponds to a diffusion approximation regime in which the overall effect of the fluctuations can be
modeled by a diffusion process of order one in the limit e! 0. The approach for identifying the law of the reflected wave
field as predicted by the two-way parabolic approximation is based on identifying transport equations for the moments
of specific products of reflection process kernels. Owing to the nonlinear coupling term in (25) we obtain below a system
that couples moments at different orders of the reflection kernel process evaluated at different wave vectors. To obtain a
concise description for these moments we introduce a multi-index notation for the wave vectors at which the kernels in
the product are evaluated. We remark also that we evaluate the kernels at nearby frequencies since a quantity of main inter-
est, the spectrum of the reflected wave field, derives from such an expression in this scaling regime with a relatively high
carrier frequency, we shall discuss this in more detail below. Explicitly indicating the e-dependence for the family of reflec-
tion operators we then have

Proposition 5.1. Let us introduce the notation: If jpðjÞ; j0pðjÞ 2 Rd; j ¼ 1; . . . ;np, then the multi-vector p is the set
p ¼ ðjpðjÞ;j0pðjÞÞ
n onp

j¼1
; ð35Þ
where np stands for the number of pairs of vectors in p.
We introduce the moments of products of bRe;ð1Þðx; z; j; j0Þ, the reflection process, at two nearby frequencies:
Ue;ð1Þ
p;q ðx; h; zÞ ¼ E

Ynp

j¼1

bRe;ð1Þ xþ e2h
2
; z; jpðjÞ; j0pðjÞ

� �Ynq

l¼1

bRe;ð1Þ x� e2h
2
; z;jqðlÞ;j0qðlÞ

� �" #
; ð36Þ
where p;q are two multi-vectors of the form (35). We introduce the power spectral density of the fluctuations of the medium
bCðk; jÞ ¼ Z
Rd

Z 1

�1
Cðz; xÞe�iðkzþj�xÞ dzdx: ð37Þ
The family of Fourier transforms
We;ð1Þ
p;q ðx; s; zÞ ¼

1
2p

Z
e�ih½s�ðnpþnqÞz=c0 �Ue;ð1Þ

p;q ðx;h; zÞdh; ð38Þ
converges as e! 0 to the solution W ð1Þ
p;q of the system of transport equations
@W ð1Þ
p;q

@z
þ np þ nq

c0

@W ð1Þ
p;q

@s
¼ ic0

2x
Up;qW ð1Þ

p;q þ
x2

4ð2pÞdc2
0

ðKW ð1Þ þ LW ð1ÞÞp;q; ð39Þ
with the initial conditions W ð1Þ
p;qðx; s; z ¼ 0Þ ¼ 10ðnpÞ10ðnqÞdðsÞ. Here we have defined
Up;q ¼ �
Xnp

j¼1

jjpðjÞj2 þ jj0pðjÞj
2

� �
þ
Xnq

l¼1

jjqðlÞj2 þ jj0qðlÞj
2

� �
; ð40Þ
and the linear operators K and L are given by
ðKWÞp;q ¼
Xnp

j¼1

Xnq

l¼1

bC 2x
c0

;jpðjÞ � j0pðjÞ
� �

d jpðjÞ � j0pðjÞ � jqðlÞ þ j0qðlÞ
� �

Wpjj;qjl; ð41Þ

ðLWÞp;q ¼
Z

djbCð0;jÞ �ðnp þ nqÞWp;q �
Xnp

j¼1

WpjfjjðjpðjÞ�j;j0pðjÞ�jÞg;q þ
Xnq

l¼1

Wp;qjfljðjqðlÞ�j;j0qðlÞ�jÞ

(

�1
2

Xnp

j1–j2¼1

Wpjfj1 ;j2 jðjpðj1Þ�j;j0pðj1ÞÞ;ðjpðj2Þþj;j0pðj2ÞÞg;q þ 2Wpjfj1 ;j2 jðjpðj1Þ�j;j0pðj1ÞÞ;ðjpðj2Þ;j0pðj2Þ�jÞg;q þWpjfj1 ;j2 jðjpðj1Þ;j0pðj1Þ�jÞ;ðjpðj2Þ;j0pðj2ÞþjÞg;q

h i
�1

2

Xnq

l1–l2¼1

Wp;qjfl1 ;l2 jðjqðl1Þ�j;j0qðl1ÞÞ;ðjqðl2Þþj;j0qðl2ÞÞg þ 2Wp;qjfl1 ;l2 jðjqðl1Þ�j;j0qðl1ÞÞ;ðjqðl2Þ;j0qðl2Þ�jÞg þWp;qjfl1 ;l2 jðjqðl1Þ;j0qðl1Þ�jÞ;ðjqðl2Þ;j0qðl2ÞþjÞg

h i
þ
Xnp

j¼1

Xnq

l¼1

WpjfjjðjpðjÞ�j;j0pðjÞÞg;qjfljðjqðlÞ�j;j0qðlÞÞg þWpjfjjðjpðjÞ;j0pðjÞ�jÞg;qjfljðjqðlÞ;j0qðlÞ�jÞg þWpjfjjðjpðjÞ�j;j0pðjÞÞg;qjfljðjqðlÞ;j0qðlÞþjÞg

h
þWpjfjjðjpðjÞ;j0pðjÞ�jÞg;qjfljðjqðlÞþj;j0qðlÞÞg

i)
; ð42Þ
where we have used the notations:
pjj ¼ ðjpðj0Þ;j0pðj
0ÞÞ

n onp

j0¼1–j
;

pjfjjðj1;j2Þg ¼ ðjpðj0Þ; j0pðj
0ÞÞ

n onp

j0¼1–j
[ ðj1;j2Þ:
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Note that ðLWÞp;q involves only terms Wp0 ;q0 with np0 ¼ np and nq0 ¼ nq, while ðKWÞp;q involves only terms Wp0 ;q0 with
np0 ¼ np � 1 and nq0 ¼ nq � 1. Therefore, for any integer N, the system for ðW ð1Þ

p;qÞ restricted to the multi-vectors ðp;qÞ such that
np 6 N and nq 6 N is closed. This subsystem characterizes the 2Nth order statistics of the reflected wave. We will focus our
attention on the second-order statistics in Section 5.6.

Proposition 5.1 describes the statistics of the reflected wave as predicted by the first-order two-way paraxial equation
(n ¼ 1 in (12) and (13)). We would like now to describe the statistics of the reflected wave as predicted by the second-order
two-way paraxial equation (n ¼ 2 in (12) and (13)). We introduce therefore the moments in (36) with the second-rather than
first-order reflection kernel processes and study its asymptotic behavior. The next proposition characterizes the statistics of
the reflection operator predicted by the second-order two-way scheme.

Proposition 5.2. We introduce the moments of products of bRe;ð2Þðx; z; j; j0Þ at two nearby frequencies:
Ue;ð2Þ
p;q ðx;h; zÞ ¼ E

Ynp

j¼1

bRe;ð2Þ xþ e2h
2
; z; jpðjÞ;j0pðjÞ

� �Ynq

l¼1

bRe;ð2Þ x� e2h
2
; z;jqðlÞ;j0qðlÞ

� �" #
; ð43Þ
where p, q are two multi-vectors of the form (35). The family of Fourier transforms
We;ð2Þ
p;q ðx; s; zÞ ¼

1
2p

Z
e�ih½s�ðnpþnqÞz=c0 �Ue;ð2Þ

p;q ðx; h; zÞdh; ð44Þ
converges as e! 0:
lim
e!0

We;ð2Þ
p;q ðx; s; zÞ ¼W ð2Þ

p;qðx; s; zÞ :¼
X

~p
p;~q
q

fW pn~p;qn~q;~p;~qðx; s; zÞ; ð45Þ
where fW p;q;~p;~q is the solution of
@fW p;q;~p;~q

@z
þ np þ nq þ n~p þ n~q

c0

@fW p;q;~p;~q

@s
¼ ic0

2x
½Up;q þU~p;~q�fW p;q;~p;~q þ

x2

4ð2pÞdc2
0

eKfW þ eLfW þ fMfW� �
p;q;~p;~q

; ð46Þ
with the initial conditions fW p;q;~p;~qðx; s; z ¼ 0Þ ¼ 10ðnpÞ10ðnqÞ10ðn~pÞ10ðn~qÞdðsÞ. The linear operator eK is defined exactly as in (41)
and acts only on (p,q), not ð~p; ~qÞ. The linear operator eL is defined as in (42), however, here acts on both (p,q) and ð~p; ~qÞ. The linear
operator fM is defined by
ðfMfW Þp;q;~p;~q ¼ �Xn~p

~j¼1

Z bCþ 2x
c0

; j

� �
djfW p[ðj~pð~jÞ;j0~pð

~jÞÞ;q;~pj~j;~q �
Xn~q

~l¼1

Z bC� 2x
c0

;j

� �
djfW p;q[ðj~qð~lÞ;j0~qð

~lÞÞ;~p;~qj~l

�
Xnp

j¼1

Xn~p

~j¼1

Z bC 2x
c0

; jpðjÞ � j0pðjÞ
� �fW pjfjjðj~pð~jÞ;j�jpðjÞÞ;ðj�j0pðjÞ;j0~pð

~jÞÞg;q;~pj~j;~q dj

�
Xnq

l¼1

Xn~q

~l¼1

Z bC 2x
c0

; jqðlÞ � j0qðlÞ
� �fW p;qjfljðj~qð~lÞ;j�jqðlÞÞ;ðj�j0qðlÞ;j0~qð

~lÞÞg;~p;~qj~l dj

þ
Xn~p

~j¼1

Xn~q

~l¼1

Z Z Z
dj1 dj2 dj3

bC 2x
c0

;j1

� �
� fW p[ðj~pð~jÞ;j2Þ[ðj2�j1 ;j

0
~p
ð~jÞÞ;q[ðj~qð~lÞ;j3Þ[ðj3�j1 ;j

0
~q
ð~lÞÞ;~pj~j;~qj~l; ð47Þ
where
 bC�ðk;jÞ ¼ 2
Z

Rd

Z 1

0
Cðz; xÞe�ikz�ij�x dzdx:
Sketch of proof. From (23) we get
Ue;ð2Þ
p;q ðx;h; zÞ ¼

X
~p
p;~q
q

eU e
pn~p;qn~q;~p;~qðx; h; zÞ;

eU e
p;q;~p;~qðx;h; zÞ ¼ E

Ynp

j¼1

bRe
1 xþ e2h

2
; z; jpðjÞ; j0pðjÞ

� �Ynq

l¼1

bRe
1 x� e2h

2
; z; jqðlÞ; j0qðlÞ

� �"

�
Yn~p

~j¼1

bRe
2 xþ e2h

2
; z;j~pð~jÞ;j0~pð~jÞ

� �Yn~q

~l¼1

bRe
2 x� e2h

2
; z;j~qð~lÞ;j0~qð~lÞ

� �35;

where bRe

1 and bRe
2 satisfy the e-dependent versions of (24) and (25). The application of the diffusion approximation theory

then gives the result.
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Note that the last component of ðfMfW Þp;q;~p;~q involves terms fW p0 ;q0 ;~p0 ;~q0 with np0 þ n~p0 ¼ np þ n~p þ 1 and
nq0 þ n~q0 ¼ nq þ n~q þ 1. Therefore, it is not possible to isolate a closed subsystem to compute (for instance) the second-order
statistics of the reflected wave with this system.

5.4. Asymptotic analysis of the reflection kernel process for the full wave equation

In [12] it is shown that the statistics of the reflection operator for the full wave equation is characterized by an infinite-
dimensional system of transport equations. The limits of the Fourier transforms satisfy the system
@Wp;q

@z
þ np þ nq

c0

@Wp;q

@s
¼ ic0

2x
Up;qWp;q þ

x2

4ð2pÞdc2
0

KW þ LWð Þp;q þ
x2

4ð2pÞdc2
0

MW þNWð Þp;q; ð48Þ
where the two additional linear operators M and N are defined by
ðMWÞp;q ¼ �
Z

np
bCþ 2x

c0
;j

� �
djWp;q �

Z
nq
bC� 2x

c0
;j

� �
djWp;q

�
Xnp

j1–j2¼1

Z bC 2x
c0

;jpðj1Þ � j0pðj1Þ
� �

Wpjfj1 ;j2 jðjpðj2Þ;j�jpðj1ÞÞ;ðj�j0pðj1Þ;j0pðj2ÞÞg;q dj

�
Xnq

l1–l2¼1

Z bC 2x
c0

;jqðl1Þ � j0qðl1Þ
� �

Wp;qjfl1 ;l2 jðjqðl2Þ;j�jqðl1ÞÞ;ðj�j0qðl1Þ;j0qðl2ÞÞg dj; ð49Þ
and
ðNWÞp;q ¼
Xnp

j¼1

Xnq

l¼1

Z Z Z bC 2x
c0

; j1

� �
�WpjfjjðjpðjÞ;j2Þ;ðj2�j1 ;j

0
pðjÞÞg;qjfljðjqðlÞ;j3Þ;ðj3�j1 ;j

0
qðlÞÞg dj1 dj2 dj3: ð50Þ
Note that ðMWÞp;q involves only terms Wp0 ;q0 with np0 ¼ np and nq0 ¼ nq, while ðNWÞp;q involves only terms Wp0 ;q0 with
np0 ¼ np þ 1 and nq0 ¼ nq þ 1. Therefore, again it is not possible to isolate a closed subsystem to compute (for instance)
the 2Nth order statistics of the reflected wave, and the full system (48) is in general impossible to solve.

We next study the full system (48) in the so-called weak backscattering regime. This regime corresponds to the case in
which
d :¼ sup
j2Rd ;x2½x0�B;x0þB�

bC 2x
c0
; j

� �			 			bCð0;0Þ 	 1; ð51Þ
where x0 is the carrier frequency and B is the bandwidth of the incoming beam. The dimensionless parameter d is the ratio of
the average intensity of random backscattering over the intensity of forward-scattering. The regime d	 1 is interesting for
many applications in geophysics and optical tomography, and the simplified system obtained in this regime describes phys-
ically relevant phenomena, in particular interference effects such as the enhanced backscattering (or weak localization) phe-
nomenon [12].

We renormalize the power spectral density of the fluctuations of the random medium and introduce the rescaled quantitybC0:
bC 2x
c0

; j

� �
¼ dbC0

2x
c0

;j

� �
; bCð0;jÞ ¼ bC0ð0;jÞ;
which is such that bC0
2x
c0
; j

� �
and bC0ð0; jÞ are of the same order for x in the spectrum of the incoming beam.

Proposition 5.3. The solution Wp;q of the full system (48) is zero if np – nq and if np ¼ nq it can then be expanded for any n as
Wp;q ¼
Xn

j¼1

dnpþj�1Wjp;q þ oðdnpþn�1Þ; ð52Þ
where W1 satisfies the system:
@W1p;q

@z
þ np þ nq

c0

@W1p;q

@s
¼ ic0

2x
Up;qW1p;q þ

x2

4ð2pÞdc2
0

ðK0W1 þ L0W1Þp;q; ð53Þ
with the initial conditions W1p;qðx; s; z ¼ 0Þ ¼ 10ðnpÞ10ðnqÞdðsÞ. Here K0 and L0 are the same operators as K and L, but with bC0

instead of bC :W2 satisfies
@W2p;q

@z
þ np þ nq

c0

@W2p;q

@s
¼ ic0

2x
Up;qW2p;q þ

x2

4ð2pÞdc2
0

K0W2 þ L0W2ð Þp;q þ
x2

4ð2pÞdc2
0

M0W1ð Þp;q; ð54Þ
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with the initial conditions W2p;q ðx; s; z ¼ 0Þ ¼ 0. More generally the Wj’s for j P 3 satisfy the systems:
@Wjp;q

@z
þ np þ nq

c0

@Wjp;q

@s
¼ ic0

2x
Up;qWjp;q þ

x2

4ð2pÞdc2
0

K0Wj þ L0Wj
� �

p;q þ
x2

4ð2pÞdc2
0

M0Wj�1 þN 0Wj�2
� �

p;q; ð55Þ
with the initial conditions Wjp;q ðx; s; z ¼ 0Þ ¼ 0.

Note that, for any n P 1 and N P 1, the system for ðWjp;q Þj¼1;...;n restricted to the multi-vectors ðp; qÞ such that np 6 N and
nq 6 N is closed. This subsystem characterizes the 2Nth order statistics of the reflected wave in the weak backscattering re-
gime with a relative error of order oðdn�1Þ.

We can revisit the asymptotic analysis of the statistics of the reflection operator predicted by the two-way paraxial
scheme in the weak backscattering regime.

Proposition 5.4. The solution Wð1Þ
p;q obtained with the first-order two-way scheme (Proposition 5.1) is zero if np – nq and if

np ¼ nq it can be written as
W ð1Þ
p;q ¼ dnp W1p;q; ð56Þ
where W1 is the solution of (53). The solution W ð2Þ
p;q obtained with the second-order two-way scheme (Proposition 5.2) is zero if

np – nq and if np ¼ nq it can be expanded as
W ð2Þ
p;q ¼ dnp W1p;q þ dnpþ1W2p;q þ oðdnpþ1Þ; ð57Þ
where W2 is the solution of (54).
5.5. Discussion

We now discuss the meaning of the weak backscattering regime in more physical terms. Physicists have introduced two
characteristic lengths in order to study the multiple scattering of waves. The scattering mean free path lsc is the characteristic
distance between two scattering events. The transport mean free path ltr is the characteristic distance over which the direc-
tion of radiation has been changed. When scattering is isotropic (in the case of point scatterers for instance) we have ltr ’ lsc .
When scattering is anisotropic ltr can be much larger than lsc because, at each scattering event, the direction of radiation is
not changed much. Our paper considers a special anisotropic scattering regime. By looking at the system of transport equa-
tions in our situation we can define the two different mean free paths by
lsc ¼
4c2

0

x2
0
�Cð0;0Þ

; ltr ¼
4c2

0

x2
0
�C 2x0

c0
;0

� � ; ð58Þ
where
�Cðk; xÞ ¼ 1

ð2pÞd
Z bCðk;jÞeij�x dj: ð59Þ
The parameter d defined by (51) is of the order of lsc=ltr . In the weak backscattering regime d	 1, scattering events are dom-
inated by forward-scattering.

We can now notice the following important points which are the main results of this paper.

(1) By comparing (52) and (56), we find that in the weak backscattering regime, the first-order two-way paraxial equation
reproduces correctly the statistics of the reflected wave to leading order (in d).

(2) By comparing (52) and (57), we find that in the weak backscattering regime, the second-order two-way paraxial equa-
tion reproduces correctly the statistics of the reflected wave to second-order.

(3) The theoretical question remains open whether the equivalence can be established at any order. Due to complicated
algebra we were not able to write the full expansion of the moments of the reflection operator for the nth order two-
way paraxial equation, as we have done in (55) for the reflection operator of the full wave equation in the weak back-
scattering regime. However, it is natural to expect that the equivalence is maintained at any order.

5.6. The second-order statistics

A central quantity that characterizes the statistics of the backscattered wave field is the cross spectral density. We con-
sider the cross spectral density obtained with the nth order two-way paraxial scheme:
W ðnÞ
ðj1 ;j2Þ;ðj3 ;j4Þðx; s; zÞ ¼ lim

e!0

1
2p

Z
e�ihðs�2z=c0Þ � E bRe;ðnÞ xþ e2h

2
; z;j1;j2

� � bRe;ðnÞ x� e2h
2
; z;j3;j4

� �
 �
dh: ð60Þ
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This quantity describes the cross correlations of the reflected wave field
lim
e!0

E pe;ðnÞ
ref ðt; exÞpe;ðnÞ

ref ðt þ e2s; ex0Þ
h i

¼ 1

ð2pÞ2dþ1

Z
� � �
Z

W ðnÞ
ðj1 ;j2Þ;ðj3 ;j4Þðx; t; LÞ

� eij1 �x�ij3 �x0eixsb̂incðx; j2Þb̂incðx; j4Þdxdj1 dj2 dj3 dj4; ð61Þ
where pe;ðnÞ
ref is the reflected field obtained by the nth-order two-way paraxial equation:
pe;ðnÞ
ref ðt; exÞ ¼ 1

2p

Z
âe

nðx; L; xÞe
i xL
c0e2 e�ixt

e2 dx ¼ 1

ð2pÞdþ1e

Z Z Z bRe;ðnÞðx; L;j;j0Þb̂incðx;j0Þeij�x dj0 dje
i xL
c0e2 e�ixt

e2 dx:
As noted in Section 5.3, the cross spectral density for the first-order scheme can be characterized by a closed system of trans-
port equations. We can write this closed system in a simple form, as shown in the next proposition.

Proposition 5.5. The cross spectral density W ð1Þ
ðj1;j2Þ;ðj3 ;j4Þðx; s; zÞ defined by (60) for the first-order two-way scheme has the form
W ð1Þ
ðj1 ;j2Þ;ðj3 ;j4Þðx; s; zÞ ¼ Vj2�j4 ;j1þj4 ;j1�j2 ðx; s; zÞdðj1 � j2 � j3 þ j4Þ; ð62Þ
where Vju ;jv ;jw ðx; s; zÞ is the solution of the system of transport equations
@Vju ;jv ;jw

@z
þ 2

c0

@Vju ;jv ;jw

@s
¼ x2

4ð2pÞdc2
0

bC 2x
c0

; jw

� �
dðsÞ � ic0

x
ju � jvVju ;jv ;jw þ

x2

4ð2pÞdc2
0

�
Z bCð0;jÞ Vju ;jv�j;jw�j þ Vju ;jv�j;jwþj þ Vju�j;jv ;jw�j þ Vju�j;jv ;jwþj � Vju�j;jv�j;jw � Vjuþj;jv�j;jw � 2Vju ;jv ;jw

� 

dj;

ð63Þ
starting from Vju ;jv ;jw ðx; s; z ¼ 0Þ ¼ 0.

It follows from the results of Section 5.4 that the spectral density determined by the system is the spectral density ob-
tained from the full wave equation in the weak backscattering regime to leading order.

Proposition 5.6. The cross spectral density Wð2Þ
ðj1 ;j2Þ;ðj3;j4Þðx; s; zÞ defined by (60) for the second-order two-way scheme has the

form
W ð2Þ
ðj1 ;j2Þ;ðj3 ;j4Þðx; s; zÞ ¼W ð1Þ

ðj1 ;j2Þ;ðj3 ;j4Þðx; s; zÞ exp �x2z
2c2

0

�C
2x
c0

;0
� �� �

: ð64Þ
It follows from the results of Section 5.4 that the spectral density (64) is the spectral density obtained from the full wave
equation in the weak backscattering regime to second-order. In other words, compared to the first-order solution W ð1Þ,
the simple damping that appears in the expression (64) of the second-order solution allows us to gain accuracy up to sec-
ond-order in the weak backscattering regime.

Proof. Using (54) and
½M0W1�ðj1 ;j2Þ;ðj3 ;j4Þ ¼ �2ð2pÞd �C
2x
c0

;0
� �

W1ðj1 ;j2Þ;ðj3 ;j4Þ
;

we find by Duhamel’s principle that the second-order correction is
W2ðj1 ;j2 Þ;ðj3 ;j4 Þ
ðx; s; zÞ ¼ �x2z

2c2
0

�C0
2x
c0

;0
� �

W1ðj1 ;j2 Þ;ðj3 ;j4 Þ
ðx; s; zÞ:
Therefore, using (57), we find
W ð2Þ
ðj1 ;j2Þ;ðj3 ;j4Þðx; s; zÞ ¼ d 1� d

x2z
2c2

0

�C0
2x
c0

;0
� �
 �

W1ðj1 ;j2 Þ;ðj3 ;j4 Þ
ðx; s; zÞ;
which is equivalent to second-order in d to (64). h

As a first application, the mean reflected power defined by
IeðtÞ ¼
Z

E pe
refðt; xÞ

2
h i

dx;
has the limit IðtÞ as e! 0, with
IðtÞ ¼ I01½0;2L=c0 �ðtÞ: ð65Þ
Here
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I0 ¼
1

ð2pÞdþ1

Z
x2

8c0

�C
2x
c0

;0
� �

exp �x2L
2c2

0

�C
2x
c0

;0
� �� � Z

jb̂incðx; j0Þj2 dj0

 �

dx

’ x2
0

8c0

�C
2x0

c0
;0

� �
exp �x2

0L
2c2

0

�C
2x0

c0
;0

� �� � Z Z
jbincðs; xÞj2 dxds


 �
;

where the second approximation is valid when the bandwidth of the incoming beam is small. See [12] regarding details of
the calculation.

As a second application, the beam width ReðtÞ defined by
Re2ðtÞ ¼
R
jxj2E½pe

refðt; xÞ
2�dxR

E½pe
refðt; xÞ

2�dx
;

has a limit RðtÞ as e! 0, which is described in [12]. Let us denote by lx the transverse correlation radius of the medium and
assume that �Cðk; xÞ is twice differentiable at x ¼ 0. In the Fraunhofer regime c0L=ðx0l2

x Þ � 1 we obtain the approximate
expression for t 2 ½0;2L=c0�:
R2ðtÞ ¼ R2
0 þ

c2
0

x2
0

4K2
0 �

Dx
�C 2x0

c0
;0

� �
�C 2x0

c0
;0

� �
0@ 1A c0t

2

� �2

� 2
3

Dx
�Cð0;0Þ c0t

2

� �3

; ð66Þ
where R0 (resp. K0) is the rms width (resp. spectral width) of the incoming beam defined by
R2
0 ¼

R R
jxj2j�bincðx; xÞj2 dxdxR R
j�bincðx; xÞj2 dxdx

; K2
0 ¼

R R
jjj2jb̂incðx;jÞj2 djdxR R
jb̂incðx; jÞj2 djdx

:

We will see in the next sections comparisons between the theoretical formulas (65) and (66) and numerical simulations.

6. Numerical simulations

Comparisons between the Helmholtz equation and the two-way paraxial equations are given in [15,16] for a given real-
ization of the random medium. In this section we will illustrate the main result of this paper, that the predictions of the
numerical scheme for the statistics of the wave backscattered by a random medium are in agreement with the already
known theoretical results.

We use a split-step Fourier method for solving the 1 + 1-dimensional random paraxial wave equations (while a finite-dif-
ference scheme was used in [15,16]). In the numerical setup the size of the slab is L ¼ 400 and the background velocity is
c0 ¼ 1. The random process mðz; xÞ has the form
mðz; xÞ ¼
X1
j¼0

1½Lj ;Ljþ1ÞðzÞmjðxÞ;
where L0 ¼ 0; Lj ¼
Pj

i¼1li; li are independent and identically distributed random variables with exponential distribution and
mean lz ¼ 4; mjðxÞ are independent and identically distributed Gaussian processes (in x) with Gaussian autocorrelation func-
tion, standard deviation r (with r ¼ 0:01 or r ¼ 0:025), and transverse correlation length lx ¼ 16. The power spectral density
of the random fluctuations is
bCð2k;jÞ ¼ 2
ffiffiffiffi
p
p

r2lxlz
1

1þ 4k2l2
z

exp �j2l2
x

4

 !
:

With k0 ¼ 1 we have maxj
bCð2k0;jÞ=bCð0;0Þ ’ 0:015 which shows that we are indeed in the weak backscattering regime. The

incoming beam has a Gaussian shape in space with radius r0 ¼ 32 and a sinc shape in time with a central frequency x0 ¼ 1
and a bandwidth B ¼ 0:1:
bincðt; xÞ ¼
1
2

sinc ðBtÞe�ix0t exp � x2

2r2
0

� �
þ cc;
where sinc (x) = sin (x)/x. Under these conditions, the mean reflected power is given by (65) with
I0 ¼
x2

0p3=2r2r0lz

8Bc0

1

1þ 4x2
0l2

z=c2
0

; ð67Þ
and the beam width is approximately given by
R2ðtÞ ¼ r2
0

2
þ c2

0

x2
0

1
2r2

0

þ 1

2l2
x

 !
c2

0t2 þ r2lz

3l2
x

c3
0t3: ð68Þ
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In Fig. 1 we compare these theoretical formulas with the numerical results given by the first-order two-way paraxial equa-
tion. The numerical average values are obtained from a set of 1000 simulations, which shows excellent agreement.

7. Homogenization regime versus diffusion approximation regime

In this section we put our approach in perspective by commenting on its relation to homogenization. First, recall that we
referred to the parameters q0;K0 and the associated local speed c0 as the homogenized parameters. It follows from the descrip-
tion (48) that if we consider a truncated slab of width of orderOðeÞ then the reflected wave vanishes and the transmitted wave
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Fig. 1. The reflected powers, beam widths, and spatial profiles of the reflected beam as a function of time for r ¼ 0:01 (a,c,e) and r ¼ 0:025 (b,d, f). The thin
solid lines are the numerical results and the thick dashed lines are the theoretical formulas (65), (67) and (68). In the case r ¼ 0:01 random forward-
scattering is rather weak (the scattering mean free path (58) is lsc ’ 176). In the case r ¼ 0:025 random forward-scattering is rather strong (the scattering
mean free path (58) is lsc ’ 28).
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behaves as if it propagates through the homogeneous medium with parameters q0;K0. This corresponds to the homogeniza-
tion regime well understood in periodic or random media [11]. Only when the medium has width of orderOð1Þwill the effects
of the fluctuations build up and accumulate to give rise to an Oð1Þ effect as studied in our paper. This corresponds to the dif-
fusion approximation regime [11]. The wave field modification due to its interaction with the microscale fluctuations of the
medium can be described in a (weak) generic way by a white noise model that gives the moments in (48).

If we consider a randomly layered acoustic model the homogenized parameters can be easily identified: the homogenized
density is the mean of the random density and the homogenized bulk modulus is the harmonic average of the random bulk
modulus [11]. In many problems a main task is to identify the homogenized parameters which may depend in a complicated
way on the medium statistics or the properties of the medium fluctuations. They may in fact have to be calculated numer-
ically. As an example, in [14], the authors consider elliptic problems that involve periodic fluctuations on the microscale in
the homogenization regime. In order to identify the macroscale features of the solution the authors then develop a finite ele-
ments method with base functions that are adapted to the microstructure and contain oscillations on the periodic micro-
scale, but with a mesh size that is large relative to this period. This method captures the large scale components of the
solution by taking into account the correct averaged effect of the small scales on the large scale without resolving all the
small scale features in the solution.

In the homogenization regime the fluctuations of the field on the microscopic scale are small. When the propagation dis-
tance or the evolution time is large these small fluctuations can build up and become non-negligible and we enter the dif-
fusion approximation regime. An interesting question in this context is to design an approach that also describes field
fluctuations in a weak sense. This is essentially what we did here via the terms in the transport equations (48) that involve
the spectrum of the microscale medium fluctuations. Our problem was such that these terms could be identified analytically
via diffusion approximation results. An alternative to solving these transport equations is to sample from the white noise
model that gives moments conforming with the transport equations. This is convenient for instance when evaluating com-
plicated functionals of the wave fields, like imaging functionals, via Monte Carlo simulations to circumvent solving high-
dimensional transport equations and for this type of applications our two-way paraxial system is useful.

In the literature there are other works related to our paper, in the sense that they show that it is possible to obtain numer-
ically the large scale components of the solution without resolving the highly oscillatory field itself. In the context of the
Schrödinger equation with a smooth deterministic potential in the semiclassical regime the authors in [4] show that smooth
observables can be computed by time-splitting spectral approximations with spatial and time steps larger than the small
wavelength of the oscillations. In [17] the nonlinear Schrödinger equation with random coefficients is considered in the dif-
fusion approximation regime. A pseudo-spectral splitting scheme with a large integration step is shown to give the correct
asymptotic behavior of the numerical solution in this regime. In [3] it is shown how macroscopic quantities, such as wave
energy, in the context of high-frequency waves in random media, can be captured via a time splitting approach where scat-
tering and propagation are separated in the iteration using a relatively coarse discretization.

8. Conclusion

We have shown that the two-way paraxial equation predicts the statistical behavior of the wave reflected by a random
medium with a computational cost equivalent to the standard paraxial wave equation, but with an accuracy equivalent to
the one of the full wave equation, provided that the correlation length of the medium in the longitudinal direction and the
wavelength are both smaller than the correlation length of the medium in the transverse direction and the beam width. We
have proved that the relative error between the statistics of the reflected wave field given by the first-order (resp. second-
order) two-way paraxial equation and the one given by the full wave equation is of order oð1Þ (resp. oðdÞ), where d is the ratio
of the average intensity of random backscattering over the one of forward-scattering. We have also given heuristic argu-
ments to support the conjecture that the relative error for the nth order two-way paraxial equation should be of order
oðdn�1Þ.

We remark that a similar result should hold true for the transmitted wave. We have seen that the first-order two-way
paraxial equation is equivalent to the standard paraxial wave equation for the transmitted wave and that the higher-order
corrections describe the corrections due to random backscattering. By a strategy as the one presented in this paper, that is, by
comparing the system of moments for the transmission operator given by the iterative scheme and the one given by the full
system [12], one should be able to show that the error in the statistics of the transmitted wave field given by the nth order
two-way paraxial equation is of order oðdn�1Þ.

The framework we have set forth, with an iterative implementation of a two-way paraxial system, is able to simulate real-
izations of random transmitted and reflected wave fields with the correct law in the asymptotic regime we have considered
here. To the best of our knowledge there are no other numerical method that can accomplish this with a comparable com-
putational cost. Therefore, we expect the scheme to be useful in the context of analyzing for instance imaging methods in
regimes with relatively small scale medium features and wavelength and we refer to [13] for an example.
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Appendix A. Proof of Lemma 3.1

The transverse Fourier modes ðân; b̂nÞ satisfy the ordinary differential equations
@ân

@z
¼ � ic0jjj2

2x
ân þ e�2ixc0

zb̂n

� �
;

@b̂n

@z
¼ ic0jjj2

2x
b̂n þ e2ixc0

zân

� �
:

Let us thus fix a transverse wavevector j such that jjj2 ¼ 2x2=c2
0. The rescaled functions
~anð~zÞ ¼ i
ân x; c0

x
~z;j

� �
b̂incðx;jÞ

ei~z; ~bnð~zÞ ¼
b̂n x; c0

x
~z; j

� �
b̂incðx;jÞ

e�i~z
then satisfy the system
d~bn

d~z
¼ ~an�1;

~bnðeLÞ ¼ 1;
d~an

d~z
¼ ~bn; ~anð0Þ ¼ 0;
where eL ¼ xL=c0. Note that the correspondingly scaled transverse Fourier transform of the solution of the boundary value
problem (4) and (5) satisfies
d~b
d~z
¼ ~a; ~bðeLÞ ¼ 1;

d~a
d~z
¼ ~b; ~að0Þ ¼ 0:
It is a pair of smooth functions bounded by one
~að~zÞ ¼ sinhð~zÞ
coshðeLÞ ; ~bð~zÞ ¼ coshð~zÞ

coshðeLÞ :

The solution ð~an;

~bnÞ of the two-way scheme does not always converge to ð~a; ~bÞ. Indeed, we can show by induction that the
pair of functions ð~an;

~bnÞ is given by
~anð~zÞ ¼
Xn�1

j¼0

Xn�1�j

l¼0

E2l

ð2jþ 1Þ!ð2lÞ!
eL2l~z2jþ1; ~bnð~zÞ ¼

Xn�1

j¼0

Xn�1�j

l¼0

E2l

ð2jÞ!ð2lÞ!
eL2l~z2j;
where the E2l’s are the Euler numbers, which are associated with the series expansion [1, formula 4.5.66]
1

coshðeLÞ ¼X
1

l¼0

E2l

ð2lÞ!
eL2l;
and whose behavior is [1, formula 23.1.15]
22lþ2

p2lþ1

1

1þ 3�1�2l
< ð�1Þl E2l

ð2lÞ! <
22lþ2

p2lþ1 :
In particular,
~bnð0Þ ¼
Xn�1

l¼0

E2l

ð2lÞ!
eL2l

� �

is an alternating series whose general term is equivalent to ð�1Þl 4

p
2eL
p

2l

. Consequently, the series is divergent if 2eL
p > 1.

Appendix B. An elementary proof of convergence of the iterative scheme

The integral formulation of the problem is more convenient for the analysis. Let us introduce the unitary flow Uxðz; z0Þ
from L2ðRdÞ onto L2ðRdÞ (and also from HkðRdÞ onto HkðRdÞ) that is the fundamental solution of
@Ux

@z
ðz; z0Þ ¼ ic0

2x
D?Uxðz; z0Þ; Uxðz0; z0Þ ¼ Id:
Its kernel is
Uxðz; z0; x; x0Þ ¼ i2pc0ðz� z0Þ
x

� �d=2

exp i
xjx� x0j2

2c0ðz� z0Þ

" #
;

with the convention Uxðz0; z0; x; x0Þ ¼ dðx� x0Þ.The integral formulation of the scheme is
�bnðx; zÞ ¼ Uxðz; LÞ�bincðxÞ þ
ix
2c0

Z L

z
Uxðz; z0Þmðz0Þ �bnðx; z0Þ þ e�2ixc0

z0�an�1ðx; z0Þ
� �

dz0;
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�anðx; zÞ ¼
ix
2c0

Z z

0
Uxðz; z0Þmðz0Þ �anðx; z0Þ þ e2ixc0

z0�bnðx; z0Þ
� �

dz0;
where we interpret mðzÞ as a multiplication operator. We can now give the proof of Lemma 3.2.

Proof. Let us denote
d�an ¼ �anþ1 � �an; n P 0; d�bn ¼ �bnþ1 � �bn; n P 1:
They satisfy for any n P 1
@d�bn

@z
¼ �Lxd�bn � Sþxd�an�1;

@d�an

@z
¼ Lxd�an þ S�xd�bn;
with the boundary conditions d�anðx; z ¼ 0; xÞ ¼ 0 and d�bnðx; z ¼ L; xÞ ¼ 0. We have
dkd�bnðx; zÞk2
2

dz
¼ R

ix
c0

e�2ixc0
z
Z

mðz; xÞd�bnðx; z; xÞd�an�1ðx; z; xÞdx
� �

;

dkd�anðx; zÞk2
2

dz
¼ R � ix

c0
e2ixc0

z
Z

mðz; xÞd�anðx; z; xÞd�bnðx; z; xÞdx
� �

:

Using Cauchy–Schwarz inequality, we find
dkd�bnk2

dz

					
					 6 Ckd�an�1k2;

dkd�ank2

dz

				 				 6 Ckd�bnk2;
where C ¼ ðxkmk1Þ=c0. By integrating we obtain
kd�anðzÞk2 6 C2
Z L

0
dz0ðz ^ z0Þkd�an�1ðz0Þk2 dz0 6

3C2L2

4
sup

z02½0;L�
kd�an�1ðz0Þk2;
and by induction we get the relation
sup
z2½0;L�

kd�anðzÞk2 6
3C2L2

4
sup
z2½0;L�

kd�an�1ðzÞk2:
If 3C2L2 < 4, then d�anðzÞ converges at an exponential rate to 0 in L1ð½0; L�; L2ðRdÞÞ, and therefore �an ¼
Pn�1

j¼0 d�aj converges to a
limit �a1. The same holds true for �bn which converges to �b1. By taking the limit n!1 in the integral formulation of the prob-
lem, we find that ð�a1; �b1Þ is solution of the boundary value problem (14). Note that the limit problem has a unique solution,
as can be shown by using the same arguments as above with the difference of two solutions.

We now prove the conservation of energy relation. We have
dk�b1ðx; zÞk2
2

dz
¼ R

ix
c0

e�2ixc0
z
Z

mðz; xÞ�b1ðx; z; xÞ�a1ðx; z; xÞdx
� �

;

dk�a1ðx; zÞk2
2

dz
¼ R � ix

c0
e2ixc0

z
Z

mðz; xÞ�a1ðx; z; xÞ�b1ðx; z; xÞdx
� �

;

and therefore
dk�b1k2
2 � k�a1k

2
2

dz
¼ 0:
Integrating this relation between z ¼ L and z ¼ 0 and using the boundary conditions, we obtain the conservation of energy
relation.

Finally, for any k P 1, we have
dkd�bnkHk

dz

					
					 6 Ckkd�an�1kHk ;

dkd�ankHk

dz

				 				 6 Ckkd�bnkHk ;
where
Ck ¼
x
c0

sup
z2½0;L�

kmðz; �ÞkWk;1 :
We then proceed as above to get the final statement of Lemma 3.2.
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Appendix C. Invariant imbedding

C.1. General theorem for a two-point linear boundary value problem

Let us consider the two-point boundary value problem:
dX
dz
ðzÞ ¼ AðzÞXðzÞ; XðzÞ 2 Rm; ðC:1Þ
with the boundary condition H0Xð0Þ þHLXðLÞ ¼ V0, where AðzÞ; H0 and HL are m�m-matrices and V0 is a m-dimensional
vector. Assume that AðzÞ is bounded and H0 þHL is invertible. In this linear framework the invariant imbedding approach
leads to the following proposition [5].

Proposition .1. Let us define the matrices ðRðfÞÞ06f6L and ðQ ðz; fÞÞ06z6f6L as the solutions of the initial-value problems:
dR
df
ðfÞ ¼ AðfÞRðfÞ � RðfÞHLAðfÞRðfÞ; 0 6 f 6 L; ðC:2Þ
starting from f ¼ 0 : Rðf ¼ 0Þ ¼ ðH0 þHLÞ�1, and
@Q
@f
ðz; fÞ ¼ �Q ðz; fÞHLAðfÞRðfÞ; z 6 f 6 L; ðC:3Þ
starting from f ¼ z : Q ðz; f ¼ zÞ ¼ RðzÞ. Then PðzÞ ¼ Q ðz; LÞ is solution of
dP
dz
ðzÞ ¼ AðzÞPðzÞ; 0 6 z 6 L; with H0Pð0Þ þHLPðLÞ ¼ I;
and consequently XðzÞ ¼ Q ðz; LÞV0 is solution of (C.1) with the boundary condition H0Xð0Þ þHLXðLÞ ¼ V0.

In particular, the value of XðLÞ is RðLÞV0. If we are interested in XðLÞ only, then it is sufficient to consider the matrix Riccati
equation (C.2).

C.2. Application

Let us fix the frequency x. We can apply the invariant imbedding theorem to the vector
bX 2j�1 ¼ âj; bX 2j ¼ b̂j; j ¼ 1; . . . ; n;
with âj and b̂j defined by (20) and (19). It satisfies a two-point boundary value problem of the form
dcX
dz
¼ cAðzÞcX ; z 2 ½0; L�; cH0cX ð0Þ þcHLcX ðLÞ ¼ bV0;
where the vector bV0 is
bV0
2j�1 ¼ 0; bV 0

2j ¼ b̂inc; j ¼ 1; . . . ; n;
and the elements of the operator matrices cAðzÞ;cH0, and cHL are zero apart from the following ones:
bA2j�1;2j�1ðzÞ ¼ bLðzÞ; bA2j;2jðzÞ ¼ �bLðzÞ; bA2j�1;2jðzÞ ¼ bS�ðzÞ;

for j ¼ 1; . . . ;n,
bA2j;2j�3ðzÞ ¼ �bSþðzÞ;

for j ¼ 2; . . . ;n,
bH0

2j�1;2j�1 ¼ bI ; bHL
2j;2j ¼ bI ;
for j ¼ 1; . . . ;n, and the kernel of the operator bI is dðj� j0Þ. By applying the general result, we first get that cX ðLÞ ¼ cRðLÞ bV0

where cR is the operator matrix that satisfies the Riccati equation (C.2). After some algebra, we get the result as stated in (21-
25). The operator bRj that appears in (23) is actually the component bR2n�1;2j of the operator matrix cR. Second, we get thatcX ð0Þ ¼cQð0; LÞbV0 where cQ is the operator matrix that satisfies Eq. (C.3). After some algebra, we get the result as stated in
(29) and (30). The operator bT j that appears in (28) is actually the component bQ2n;2j of the operator matrix cQ.
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